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Abstract
In this paper, we propose two new classes of tensors: double B-tensors and
quasi-double B-tensors, give some properties of double B-tensors and quasi-
double B-tensors, discuss their relationships with B-tensors and positive def-
inite tensors and show that even order symmetric double B-tensors and even
order symmetric quasi-double B-tensors are positive definite. These give
some checkable sufficient conditions for positive definiteness of tensors.
Keywords: B-tensors, Double B-tensors, Quasi-double B-tensors, Positive
definite.
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1. Introduction
A real orderm dimension n tensorA = (ai1···im) consists of n
m real entries:
ai1···im ∈ R,
where ij ∈ N = {1, 2, . . . , n} for j = 1, . . . , m [4, 6, 8, 16, 20]. It is obvious
that a matrix is an order 2 tensor. Moreover, a tensor A = (ai1···im) is called
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symmetric [17, 20] if
ai1···im = api(i1···im), ∀pi ∈ Πm,
where Πm is the permutation group of m indices. And an order m dimension
n tensor is called the unit tensor denoted by I [4, 32], if its entries are δi1···im
for i1, . . . , im ∈ N , where
δi1···im =
{
1, if i1 = · · · = im,
0, otherwise.
For a tensor A of order m dimension n, if there is a nonzero vector x =
(x1, . . . , xn)
T ∈ Rn and a number λ ∈ R such that
Axm−1 = λx[m−1],
where
(Axm−1)i =
∑
i2,...,im∈N
aii2···imxi2 · · ·xim
and x[m−1] = (xm−11 , . . . , x
m−1
n )
T , then λ is called an H-eigenvalue of A and x
is called an H-eigenvector of A [20].
As a natural extension of B-matrices [18, 19], B-tensors is introduced by
Song and Qi [28].
Definition 1. [28] Let B = (bi1···im) be a real tensor of order m dimension
n. B is called a B-tensor if for all i ∈ N∑
i2,...,im∈N
bii2···im > 0
and
1
nm−1
( ∑
i2,...,im∈N
bii2···im
)
> bij2···jm, for j2, . . . , jm ∈ N, δij2···jm = 0.
By Definition 1, Song and Qi [28] gave the following property of B-tensors.
Proposition 1. [28, Proposition 3] Let B = (bi1···im) be a real tensor of order
m dimension n. Then B is a B-tensor if and only if for each i ∈ N ,∑
i2,...,im∈N
bi1···im > n
m−1βi(B), (1)
2
where
βi(B) = max
j2,...,jm∈N,
δij2...jm
=0
{0, bij2···jm}.
It is easy to see that Inequality (1) is equivalent to
bii···i − βi(B) > ∆i(B), (2)
where
∆i(B) =
∑
i2...im∈N,
δii2...im
=0
(βi(B)− bii2···im). (3)
Hence, we by Inequality (2) obtain another property for B-tensors.
Proposition 2. Let B = (bi1···im) be a real tensor of order m dimension n.
Then B is a B-tensor if and only if for each i ∈ N , Inequality (2) holds.
B-tensors are linked with positive definite tensors and M-tensors, which
are useful in automatical control, magnetic resonance imaging and spectral
hypergraph theory [2, 3, 6, 7, 8, 9, 10, 11, 12, 13, 23, 24, 25, 26, 28, 30, 31, 33].
Definition 2. [27, 28] Let A = (ai1···im) be a real tensor of order m dimen-
sion n. A is called positive definite if for any nonzero vector x in Rn,
Axm > 0,
and positive semi-definite if for any vector x in Rn,
Axm ≥ 0,
where Axm =
∑
i1,i2,...,im∈N
ai1i2···imxi1 · · ·xim .
One of the most important properties of B-tensors is listed as follows.
Theorem 1. [27] Let B = (ai1···im) be a real tensor of order m dimension n.
If B is an even order symmetric B-tensor, then B is positive definite.
3
The definition ofDB-matrix is a generalization of the B-matrix [19]. Here
we call a matrix A = (aij) ∈ R
n×n a DB-matrix if for any i, j ∈ N , i 6= j,
(aii − βi(A)) (ajj − βj(A)) >
∑
k 6=i
(βi(A)− aik)
∑
k 6=j
(βj(A)− ajk) .
A natural question is that can we extend the class of DB-matrices to tensors
with order m ≥ 3 such that it has the property like that in Theorem 1, that
is, whether or not an even order symmetric tensor A = (ai1...im) satisfying
(ai···i − βi(A))(aj···j − βj(A)) > ∆i(A)∆j(A), (4)
is positive definite? We see an example firstly for discussing the question.
Consider the symmetric tensor A = (aijkl) of order 4 dimension 2 defined
as follows:
a1111 = a2222 = 2, a1222 = a2122 = a2212 = a2221 = −1,
and other aijkl = 0. By calculation, we have β1(A) = β2(A) = 0, and
a1111a2222 = 4 > 3 =
∑
δ1jkl=0
(−a1jkl)
∑
δ2jkl=0
(−a2jkl),
which satisfies Inequality (4). However, A is not positive definite. In fact,
for any entrywise positive vector x = (x1, x2)
T . If Ax4 > 0, that is,

a1111x
4
1 +
∑
j,k,l∈{1,2},
δ
1jkl=0
a1jklx1xjxkxl > 0,
a2222x
4
2 +
∑
j,k,l∈{1,2},
δ2jkl=0
a2jklx2xjxkxl > 0,
equivalently, {
2x41 − x1x
3
2 > 0,
2x42 − 3x1x
3
2 > 0,
then {
2x31 > x
3
2,
x2 >
3
2
x1,
which implies
2x31 > x
3
2 >
27
8
x31.
4
This is a contradiction. Hence, for any vector x = (x1, x2)
T > 0, Ax4 > 0
dosen’t hold. Hence A is not positive definite by Definition 2.
The example shows that Inequality (4) doesn’t guarantee the positive def-
initeness of tensor A. In this paper, we introduce two new classes of tensors
by adding other conditions: double B-tensors and quasi-double B-tensors as
generalizations of B-tensors, and prove that an even order symmetric (quasi-
)double B-tensor is positive definite.
2. Double B-tensor and quasi-double B-tensor
Now, we present the definitions of double B-tensors and quasi-double
B-tensors.
Definition 3. Let B = (bi1···im) be a real tensor of order m dimension n with
bi···i > βi(B) for all i ∈ N . B is called a double B-tensor if B satisfies
(I) for any i ∈ N ,
bi···i − βi(B) ≥ ∆i(B),
where ∆i(B) is defined as (3);
(II) for all i, j ∈ N , i 6= j, Inequality (4) holds.
Definition 4. Let B = (bi1···im) be a real tensor of order m dimension n
with bi···i > βi(B) for all i ∈ N . B is called a quasi-double B-tensor if for all
i, j ∈ N , i 6= j,
(bi···i − βi(B))
(
bj···j − βj(B)−∆
i
j(B)
)
> (βj(B)− bji···i)∆i(B), (5)
where
∆ij(B) = ∆j(B)− (βj(B)− bji···i) =
∑
δjj2...jm
=0,
δij2...jm
=0
(βj(B)− bjj2···jm).
We now give some properties of double B-tensors and quasi-double B-
tensors.
Proposition 3. Let B = (bi1···im) be a real tensor of order m dimension n.
(I) If B is a double B-tensor, then there is at most one i ∈ N such that
bi···i − βi(B) = ∆i(B).
(II) If B is a quasi-double double B-tensor, then there is at most one i ∈ N
such that
bi···i − βi(B) ≤ ∆i(B).
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Proof. We only prove that (II) holds, and (I) is proved similarly. Suppose
that there are i0 and j0 such that
bi0···i0 − βi0(B) ≤ ∆i0(B),
and
bj0···j0 − βj0(B) ≤ ∆j0(B),
equivalently
bj0···j0 − βj0(B)−∆
i0
j0
(B) ≤ βj0(B)− bj0i0···i0 ,
If bj0···j0 − βj0(B)−∆
i0
j0
(B) < 0, then
(bi0···i0 −βi0(B))
(
bj0···j0 − βj0(B)−∆
i0
j0
(B)
)
≤ (βj0(B)− bj0i0···i0)∆i0(B), (6)
otherwise, bj0···j0 − βj0(B) − ∆
i0
j0
(B) ≥ 0, which also leads to Inequality (6).
This contradicts to the definition of quasi-double double B-tensors. The
conclusion follows.
The relationships of B-tensors, double B-tensors and quasi-double B-
tensors are given as follows.
Proposition 4. Let B = (bi1···im) be a tensor of order m dimension n. If
B is a B-tensor, then B is a double B-tensor and a quasi-double B-tensor.
Furthermore, if B is a double B-tensor, then B is a quasi-double B-tensor.
Proof. If B is a B-tensor, then by Proposition 2 for any i ∈ N ,
bi···i − βi(B) > ∆i(B),
that is,
bi···i − βi(B)−∆
k
i (B) > βi(B)− bik···k, for k 6= i.
Obviously, Inequality (4) holds for any i 6= j. This implies that B is a double
B-tensor. On the other hand, note that for i, j ∈ N , j 6= i,
bi···i − βi(B) > ∆i(B),
and
bj···j − βj(B)−∆
i
j(B) > βj(B)− bji···i.
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It is easy to see that Inequality (5) holds, i.e., B is a quasi-double B-tensor
by Definition 4.
Furthermore, if B is a double B-tensor, then there is at most one k ∈ N
such that bi···i−βi(B) = ∆i(B). If there is not k ∈ N such that bk···k−βk(B) =
∆k(B), then B is a B-tensor, consequently, B is a quasi-double B-tensor. If
there is only one k ∈ N such that bk···k − βk(B) = ∆k(B), then we have for
any j 6= k
bj···j − βj(B) > ∆j(B).
Note that for any j ∈ N , j 6= k,
bk···k − βk(B) = ∆k(B), bk···k − βk(B)−∆
j
k(B) = βk(B)− bkj···j ,
and
bj···j − βj(B) > ∆j(B), bj···j − βj(B)−∆
k
j (B) = βj(B)− bjk···k.
This implies that Inequality (5) holds, i.e., B is a quasi-double B-tensor.
Remark 1. (I) It is not difficult to see that the class of B-tensors is a proper
subclass of double B-tensors and quasi-double B-tensors, that is,
{B − tensors} ⊂ {double B − tensors}
and
{B − tensors} ⊂ {quasi− double B − tensors}.
(II) The class of double B-tensors is a proper subclass of quasi-double
B-tensors. Consider the tensor A = (aijk) of order 3 dimension 2 defined as
follows:
A = [A(1, :, :), A(2, :, :)],
where
A(1, :, :) =
(
2 0
0 −0.3
)
, A(2, :, :) =
(
−1 −0.3
−1.5 2
)
.
By calculation, β1(A) = β2(A) = 0, and a222 = 2 < 2.8 =
∑
δ2jk=0
(−a2jk).
Hence A is not a double B tensor. Since
a111
(
a222 −∆
1
2(A)
)
= 0.4 > 0.3 = (−b211)∆1(B)
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and
a222
(
a111 −∆
2
1(A)
)
= 4 > 0.84 = (−a122)∆2(A),
then A is a quasi-double B-tensor. Hence, the class of double B-tensors is a
proper subclass of quasi-double B-tensors. By (I), we have
{B − tensors} ⊂ {double B − tensors} ⊂ {quasi− double B − tensors}.
As is well known, a B-matrix is a P -matrix [19, 19]. This is not true for
higher order tensors, that is, a B-tensor may not be a P -tensor. In [28], Song
and Qi proved that a symmetric tensor is a P -tensor if and only it is positive
definite.
Definition 5. [28] A real tensor A = (ai1···im) of order m dimension n is
called a P -tensor if for any nonzero x in Rn,
max
i∈N
xi(Ax
m−1)i > 0.
It is pointed out in [27, 28] that an odd order B-tensor may not be a
P -tensor, Furthermore, Yuna and You [33] gave an example to show that
an even order nonsymmetric B-tensor may not be a P -tensor. Hence, by
Proposition 4, we conclude that an odd order (quasi-)double B-tensor may
not be a P -tensor, and an even order nonsymmetric (quasi-)double B-tensor
may not be a P -tensor. On the other hand, it is pointed out in [27] that
an even order symmetric B-tensor is a P -tensor. A natural question is that
whether or not an even order symmetric (quasi-)double B-tensor is a P -
tensor? In the following section, we will answer this question by discussing
the positive definiteness of (quasi-)double B-tensors.
3. Positive definiteness
Now, we discuss the positive definiteness of (quasi-)double B-tensors. Be-
fore that some definitions are given.
Definition 6. [6, 8, 34] Let A = (ai1···im) be a real tensor of order m di-
mension n. A is called a Z-tensor if all of the off-diagonal entries of A are
non-positive;
8
Definition 7. Let A = (ai1···im) be a tensor of order m dimension n ≥ 2. A
is called a doubly strictly diagonally dominant tensor (DSDD) if
(I) when m = 2, A satisfies
|ai···i||aj···j| > ri(A)rj(A), for any i, j ∈ N, i 6= j, (7)
(II) when m > 2, A satisfies |ai···i| ≥ ri(A) for any i ∈ N and Inequality
(7) holds.
Note here that when m > 2, the similar condition that |ai···i| ≥ ri(A) for
any i ∈ N , is necessary for DSDD tensors to have the properties of doubly
strictly diagonally dominant matrices; for details, see [16, 17].
Definition 8. Let A = (ai1···im) be a tensor of order m dimension n ≥ 2. A
is called a quasi-doubly strictly diagonally dominant tensor (Q-DSDD) if for
i, j ∈ N , j 6= i,
|ai···i|
(
|aj···j| − r
i
j(A)
)
> ri(A)|aji···i|, (8)
where
rij(A) =
∑
j2,...,jm∈N,
δjj2...jm
=0
|ajj2···jm| =
∑
δjj2...jm
=0,
δij2...jm
=0
|ajj2···jm | − |aji···i| = rj(A)− |aji···i|.
The relationships between (Q-)DSDD tensors and (quasi-)double B-tensors
are established as follows.
Proposition 5. Let B = (bi1···im) be a Z-tensor of order m dimension n.
Then
(I) B is a double B-tensor if and only if B is a DSDD tensor.
(II) B is a quasi-double B-tensor if and only if B is a Q-DSDD tensor.
Proof. We only prove that (II) holds, (I) can be obtained similarly. Since B
be a Z-tensor, all of its off-diagonal entries are non-positive. Thus, we have
that for any i ∈ N , βi(B) = 0,
|bii2···im | = −bii2···im , for all i2, . . . , im ∈ N, δii2...im = 0,
ri(B) = ∆i(B) =
∑
i2...im∈N,
δii2...im
=0
(βi(B)− bii2···im),
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and
rij(B) = ∆
i
j(B) =
∑
δjj2...jm
=0,
δij2...jm
=0
(βj(B)− bjj2···jm), for j 6= i.
which implies that Inequality (5) is equivalent to Inequality (8). The conclu-
sion follows.
In [16], Li et al. gave some sufficient conditions for positive definiteness
of tensors.
Lemma 2. [16, Theorem 11] Let A = (ai1···im) be an even order real sym-
metric tensor of order m dimension n > 2 with ak···k > 0 for all k ∈ N . If
A satisfies the condition (II) in Definition 7, then A is positive definite.
Lemma 3. [16, Theorem 13] Let A = (ai1···im) be an even order real sym-
metric tensor of order m dimension n > 2 with ak···k > 0 for all k ∈ N . If
there is an index i ∈ N such that for all j ∈ N , j 6= i, such that Inequality
(8) holds and |ai···i| ≥ ri(A), then A is positive definite.
By Lemmas 2 and 3, we can easily obtain the following result.
Theorem 4. An even order real symmetric (Q-)DSDD tensor is positive
definite.
Now according to Theorem 4, we research the positive definiteness of
symmetric (quasi-)double B-tensors. Before that we give the definition of
partially all one tensors, which proposed by Qi and Song [27]. Suppose that
A is a symmetric tensor of order m dimension n, and has a principal sub-
tensor AJr with J ∈ N and |J | = r(1 ≤ r ≤ n) such that all the entries of
AJr are one, and all the other entries of A are zero, then A is called a partially
all one tensor, and denoted by εJ . If J = N , then we denote εJ simply by
ε and call it an all one tensor. And an even order partially all one tensor is
positive semi-definite; for details, see [27].
Theorem 5. Let B = (bi1···im) be a symmetric quasi-double B-tensor of order
m dimension n. Then either B is a Q-DSDD symmetric Z-tensor itself, or
we have
B =M+
s∑
k=1
hkε
Jˆk , (9)
where M is a Q-DSDD symmetric Z-tensor, s is a positive integer, hk > 0
and Jˆk ⊆ N , for k = 1, 2, · · · , s. Furthermore, If m is even, then B is positive
definite, consequently, B is a P -tensor.
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Proof. Let Jˆ(B) = {i ∈ N : there is at least one positive off-diagonal en-
try in the ith row of B}. Obviously, Jˆ(B) ⊆ N . If Jˆ(B) = ∅ , then B is a
Z-tensor. The conclusion follows in the case.
Now we suppose that Jˆ(B) 6= ∅, let B1 = B = (b
(1)
i1···im
), and let d
(1)
i be be
the value of the largest off-diagonal entry in the ith row of B1, that is,
d
(1)
i = max
i2...im∈N,
δii2...im
=0
b
(1)
ii2···im
.
Furthermore, let Jˆ1 = Jˆ(B1), h1 = min
i∈Jˆ1
d
(1)
i and
J1 = {i ∈ Jˆ1 : d
(1)
i = h1}.
Then J1 ⊆ Jˆ1 and h1 > 0.
Consider B2 = B1 − h1ε
Jˆ1 = (b
(2)
i1···im
). Obviously, B2 is also symmetric by
the definition of εJˆ1. Note that
b
(2)
i1···im
=
{
b
(1)
i1···im
− h1, i1, i2, . . . , im ∈ Jˆ1
b
(1)
i1···im
, otherwise,
(10)
for i ∈ J1,
βi(B2) = βi(B1)− h1 = 0, (11)
and that for i ∈ Jˆ1\J1,
βi(B2) = βi(B1)− h1 > 0. (12)
Combining (10), (11), (12) with the fact that for each j /∈ Jˆ1, βi(B2) = βi(B1),
we easily obtain by Definition 4 that B2 is still a symmetric quasi-double B-
tensor.
Now replace B1 by B2, and repeat this process. Let Jˆ(B2) = {i ∈
N : there is at least one positive off-diagonal entry in the ith row of B2}.
Then Jˆ(B2) = Jˆ1\J1. Repeat this process until Jˆ(Bs+1) = ∅. LetM = Bs+1.
Then (9) holds.
Furthermore, if m is even, then B a symmetric quasi-double B-tensor of
even order. If B itself is a Q-DSDD symmetric Z-tensor, then it is positive
definite by Lemma 3. Otherwise, (9) holds with s > 0. Let x ∈ Rn. Then by
(9) and that fact that M is positive definite, we have
Bxm =Mxm +
s∑
k=1
hkε
Jˆkxm =Mxm +
s∑
k=1
hk||xJˆk ||
m
m ≥Mx
m > 0.
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This implies that B is positive definite. Note that a symmetric tensor is a
P -tensor if and only it is positive definite [28], therefore B is a P -tensor. The
proof is completed.
Similar to the proof of Theorem 5, by Lemma 2 we easily have that an
even order symmetric double B-tensor is positive definite and a P -tensor.
Theorem 6. Let B = (bi1···im) be a symmetric double B-tensor of order m
dimension n. Then either B is a DSDD symmetric Z-tensor itself, or we
have
B =M+
s∑
k=1
hkε
Jˆk , (13)
where M is a DSDD symmetric Z-tensor, s is a positive integer, hk > 0 and
Jˆk ⊆ N , for k = 1, 2, · · · , s. Furthermore, If m is even, then B is positive
definite, consequently, B is a P -tensor.
Since an even order real symmetric tensor is positive definite if and only
if all of its H-eigenvalues are positive [20], by Theorems 5 and 6 we have the
following results.
Corollary 1. All the H-eigenvalues of an even order symmetric double B-
tensor are positive.
Corollary 2. All the H-eigenvalues of an even order symmetric quasi-double
B-tensor are positive.
4. Conclusions
In this paper, we give two generalizations of B-tensors: double B-tensors
and quasi-double B-tensors, and prove that an even order symmetric (quasi-
)double B-tensor is positive definite.
On the other hand, we could consider the problem that whether an even
order symmetric tensor is positive semi-definite by weakening the condition
of Definition 4 as follows.
Definition 9. Let B = (bi1···im) be a tensor of order m dimension n. B is a
quasi-double B0-tensor if and only if for all i, j ∈ N i 6= j,
(bi···i − βi(B))
(
bj···j − βj(B)−∆
i
j(B)
)
≥ (βj(B)− bji···i)∆i(B). (14)
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However, it con’t be proved by using the technique in this paper that an
even order symmetric quasi-double B0-tensor is positive semi-definite. We
here only give the following conjecture.
Conjecture 1. An even order symmetric quasi-double B0-tensor is positive
semi-definite.
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